ABSTRACT: This paper examines the problem of the flexural interaction between a long-distance buried pipeline embedded in a soil medium that experiences differential frost heave. The modeling takes into consideration the interaction at a transition zone between a frozen region and a frost-susceptible region that experiences a time-dependent growth of a frost bulb around the buried pipeline. The heave that accompanies the development of a frost bulb induces the soil-pipeline interaction process. The analysis focuses on the development of a computational scheme that addresses the three-dimensional nature of the soil-pipeline interaction problem, the creep susceptibility of the frozen region, and a prescribed time-and stress-dependent heave in an evolving frost bulb zone. The numerical results presented in the paper illustrate the influence of the heave process and the creep behavior of the frozen soil on the displacements and stresses in the buried pipeline.
INTRODUCTION
Buried pipelines are constructed geotechnical facilities that are used quite extensively to transport materials such as oil, natural gas, coal slurries, mine tailings, and water. Such pipelines are designed, constructed, and maintained according to standards and codes that ensure safe and economical operation during their service life. In contrast to above-ground pipelines, the structural analysis and design of a buried pipeline should take into consideration the mutual interaction between the pipeline and the surrounding soil. These interactions can be induced by a variety of effects including service loads such as deformations due to temperature and pressure; loadings of a geotechnical nature, including ground subsidence, frost heave, and thaw settlement; the action of external loadings, berm construction, roadway traffic loads, earthquake loads, landslides (both onshore and submarine) relief due to excavations and pipeline flotation due to soil inundation (Ariman et al. 1979; "List" 1980; Shibata et al. 1980; Smith 1981; Lee 1981, 1982; Pickell 1983; Nixon et al. 1983; Ladanyi and Lemaire 1984; Jeyapalan 1985; Selvadurai 1985 Selvadurai , 1988 Selvadurai , 1991 Selvadurai and Pang 1988; Selvadurai et a|. 1983 Selvadurai et a|. , 1990 Parmuzin et al. 1988 ). In the modeling of soil-pipeline interaction problems, adequate consideration should be given to the various time-dependent thermomechanical phenomena associated with the mechanical behavior of soil, the structural response of the pipe, and the soil-pipeline interface that transmits actions between the buried pipeline and the surrounding soil. A variety of analytical and computational procedures, of varying complexity, can be developed for the analysis of a soil-pipeline interaction problem. These range from simplified models of soil behavior that represent the soil response in terms of discrete onedimensional spring elements to more extensive models that accommodate three-dimensional continuum response of the soil medium. Similar considerations apply to the modeling of the structural response of a pipeline. In elementary treatments, the pipeline is modeled as a flexible beam that possesses flexural, axial, shear, and torsional stiffnesses. In more advanced treatments, the pipeline is modeled as a cylindrical shell that can possess complex nonlinear stress-strain-time phenomena. Each category of modeling has its advantages and limitations and these are discussed in the articles cited previously.
The objective of this study is to develop a computational procedure for the examination of the behavior of a flexible buried pipeline that is located in a discontinuous frost heave zone. In recent years, there has been considerable interest in the utilization of pressurized long distance pipelines for the transportation of natural gas from the Arctic to southern consumers. One such method consists of the transportation of the pressurized gas at below-freezing temperature. The objective of the chilled gas pipeline is to avoid thawing of ice-rich soil with the attendent loss of soil stability. The presence of a chilled gas pipeline would, however, result in the freezing of unfrozen soil in shallow discontinuous permafrost. The presence of a chilled gas pipeline in a frost-susceptible zone can also result in the gradual development of a zone of frozen soil around the pipeline (Slusarchuck et al. 1978; Myrich et al. 1982; Konrad and Morgenstern 1984; Dallimore and Williams 1984; Bahmanyar and Harrison 1985; Nixon 1987a Nixon , 1987b Svec 1989; Shen and Ladanyi 1991) .
The present work develops a continuum approach to the study of the interaction between a pipeline and the surrounding soil, which is induced by the discontinuous heave associated with a frost-susceptible zone. This interaction is induced by the time-dependent growth of a frost bulb and the pressure dependent expansion of the freezing action of the frost susceptible soil. The interaction is also accentuated by the anchoring action of the pipeline at a prefrozen region that does not experience any volumetric expansion. The modeling of the problem takes into consideration the creep behavior of the soil in the frozen regions and the elastic behavior in the unfrozen region. The finite element modeling of the time-dependent soilpipeline interaction in the discontinuous heave zone is achieved by appeal to a "reduced modeling" approach where the development of the frost bulb around the chilled gas pipeline traversing a frost susceptible soil-frozen ground boundary is achieved via a separate thermal or frost heave analysis. For the purposes of this paper the buried pipeline is modeled as a flexible circular beam. The numerical results presented in the paper illustrate the influence of discontinuous heave, the creep properties of the frozen soil on the time-dependent development of deflections, and flexural moments in a typical buried pipeline that is located in a frost-susceptible discontinuous heave zone.
MODELING OF FROST HEAVE ZONE
The soil-pipeline interaction process examined in this paper is restricted to a specific category of problem involving a flexible pipeline which is located at the boundary between a frozen zone and a frost-susceptible zone (Fig.  1) . The interaction between the buried pipeline and the surrounding soils is induced by the heave of a frost bulb zone that develops around the pipeline as it transmits contents such as chilled natural gas. I I I I I
FIG. 2. Idealized Geometry of Evolving Frost Bulb Zone
A comprehensive analysis of a soil-pipeline interaction problem that incorporates the frost-heave processes should take into consideration a variety of complex hygrothermomechanical processes. These include: (l) Coupled heat conduction and moisture movement within the frozen and unfrozen soils; (2) mechanical behavior of the unfrozen soil; (3) moving boundary problems associated with the growth of a freezing front; (4) ice lens nucleation and growth; (5) mechanical behavior of the buried pipeline; and (6) interface conditions at the soil-pipeline interface. Clearly, the simultaneous consideration of all such time-and temperature-dependent nonlinear mechanical processes is a difficult task. The difficulties arise from several aspects; firstly, the mathematical modeling of the fundamental processes governing all coupled thermomechanical processes associated with the soilpipeline interaction problem can be defined only under highly idealized conditions; secondly, the solution of realistic three-dimensional soil-pipeline interaction problems that incorporate the time-dependent and nonlinear coupled processes (indicated by the aforementioned enumerated processes) requires an inordinate amount of computational rigor; thirdly, a buried pipeline is a long-distance geotechnical structure where a multitude of soil types can be encountered along its length. The accurate determination of the in situ hygrothermomechanical characteristics of soils that are necessary for the solution of soil-pipeline interaction problems is a daunting task. Consequently, plausible approximations need to be made for the solution of soil-pipeline interaction problem particularly in relation to effects of frost heave. In this context, a convenient simplification is to assume that the heat and moisture movement and the frost region generation can be considered as separate "thermal," "hygrothermal," and "phase transformation" processes, which are independent of the mechanical processes. This assumption is certainly open to criticism; nonetheless it provides a useful first approximation to the treatment of an otherwise complex problem. In this study it is assumed that the development of a frost bulb around the buried pipeline is not influenced by the mechanical response of the frozen or frost-susceptible soils. The geometry and development of the frost bulb around the pipeline is specified by a separate analysis. An example of such an analysis that approximates the developing frost bulb as a zone with a rectangular cross section, is given by Nixon (1987a, b) . In this treatment, the cross section of the frost bulb can be represented by a rectangular region that is defined by a time-dependent width B(t) and a time-dependent depth X(t) below the base of the pipeline (Fig. 2) . The analysis by Nixon (1987b) provides empirical relationships of the type 
where X0, B0, nqx, and ~qB are constants, which depend on the thermal and frost susceptibility characteristics of the soils. It is indeed possible to specify alternative frost bulb geometries by examining the hygrothermal-phase transformation problems in their entirety. In view of the primary objectives of examining the role of the frost heave in the soil-pipeline interaction it is sufficient to restrict the studies to the methodologies just described. It must also be noted that the processes of thaw around a frost heave zone due to removal of the chilled gas has important consequences on the mechanics of a buried pipeline during subsequent refreezing. This problem is, however, beyond the scope of the present study, which mainly focuses on a persistent supply of chilled gas to allow the continual evolution of the frost heave zone.
CONSTITUTIVE MODELING
Several different types of constitutive responses are necessary for the reduced modeling of the soil-pipeline interaction problem. These include the volumetric expansion of the frost-susceptible material within a frost bulb region, the creep behavior of the frozen soil, and the mechanical behavior of soils in the unfrozen region. The constitutive models are formulated by adopting an incremental small strain formulation, such that, where appropriate, the total incremental strain in the soil medium is composed of the volumetric strain due to the freezing action in the frost susceptible soil (d~l), the elastic strain (d~[~ 1) and the creep strain [cl (dsij ), i.e., 
(3)

Volumetric Strains
In the frost-susceptible region around the pipeline, the volume change in the soil occurs mainly as a result of the moisture movement and the for-mation of ice lenses [see, e.g., Ice (1984) and Anderson et al. (1984) ]. The process generally results in anisotropic volume change phenomena in which the ice lenses usually occur orthogonal to the direction of heat and moisture flow. In the ensuing treatment, however, it is assumed that the volumetric expansion within the frost bulb is isotropic. Also, the volumetric expansion is influenced by the "overburden pressure" within the frost bulb zone. The 2-D geothermal simulator (Nixon 1987a ) analysis conducted by Nixon (1991) also provides an empirical estimate for the volumetric strain (e) that occurs within the frost bulb zone, i.e., 
where % = the vertical total overburden stress at a desired depth. Since (3) is usually obtained as a result of fitting a model to specific computations applicable to frost-susceptible soils, limiting bounds have to be assigned for X(t) and ~,, i.e., 
where de = an incremental value of e. From (4) it is evident that
Oe(t, ~r~,) dX(t) + Oe de%
deox(t) In the first term of (7), dX(t) indicates a change in the depth (below base of pipeline) of the rectangular frozen region. In conventional finite element analyses without adaptive mesh refinements, the finite discretization of elements cannot allow for a change in X(t) in every time step. A possible way to accommodate this is to consider that a number of time steps are required to transform a region from an unfrozen to a frozen state. If m = the number of time steps considered, the incremental value of e(t, ~) will be 
m instead of (7). Also t and ~,, in (8) are the current values of time and vertical stress during that increment.
Creep Behavior
The creep behavior of frozen soil has been investigated very extensively [see, e.g., Tsytovich (1975) , Andersland and Anderson (1978) , Ladanyi (1972) , Ladanyi (1978) , Phukan (1985) , and Morgenstern (1981) ]. In this study the creep behavior of the frozen soil is represented by the generalized power law relationship 
where 
Dijk~ = the elasticity tensor, which can be written as
and Es and v~ = respectively the elastic modulus and Poisson's ratio. From (3), the incremental stress in (12) 
Pipeline Response
The pipeline with a circular cross section is modeled as a one-dimensional Bernoulli-Euler beam. The corresponding nodal deflections and nodal forces are given by 
where the submatrices are
and K22 is obtained from Kn with the signs of the off-diagonal elements 6EI/l 2 and -EI/l 2 reversed, where l = the length of the beam element; E and G = Young's modulus and the shear modulus of the material of the pipeline; A = the effective cross-section area; and I and J = the second moment of area about the axis of flexure and the polar moment of inertia respectively. Because a node in the continuum element model has three degrees of freedom and the beam element has six degrees of freedom per node, a double node is required to include three-displacements and threerotations for the nodes in the beam. Therefore, the beam element is a fournoded one-dimensional element. The overall accuracy of the representation of the pipe by a beam element with connectivity only along a line of nodes needs further elaboration. A complete discussion of this aspect will be presented in the section dealing with numerical results. It is also noted that the flexural response of the beam model does not take into consideration the effects of axial forces that can be generated in the pipeline particularly due to excessive differential frost heave. Such effects are important and can be easily incorporated within the framework of the present study. For the present purposes attention is restricted to only flexural effects in the buried pipeline.
NUMERICAL MODELING
Attention is focused on the study of the frost heave induced soil-pipeline interaction pertaining to the idealized geometry shown in Fig. 3 . A near- surface pipeline of diameter D, which is embedded at a depth d below ground level, is located at a frozen ground-frost-susceptible ground-transition zone. The pipeline is assumed to be embedded in homogeneous regions that are frozen and frost-susceptible. The soil inhomogeneities introduced by any trenching or backfill compaction operations are not accounted for in the present study. The boundary between the frost-susceptible soil and the frozen soil is assumed to be a vertical plane. The pipeline is assumed to maintain bonded contact with both the frozen soil and the evolving frost bulb. The boundary between the evolving frost heave zone and the unfrozen frost-susceptible soil is assumed to be a distinct plane that does not experience any relative slip. The vertical boundary of the frozen soil is assumed to be stationary. The dimensions of the rectangular frost bulb X(t) and B(t)
are defined by (1) and (2), respectively.
Finite Element Methods
For the purposes of completeness only the essential details of the finite element procedure are documented. The matrix form of the stress-strain relationship given by (14) can be written as 
where D = the conventional linear elastic matrix [see, e.g., Zienkiewicz (1971) ] and the stress, strain and initial stress vectors respectively take the forms (D)(B) dO ..................................... (27) e and dRe = the incremental load vector due to the effect of volumetric strains and creep strains.
Incremental Load Vector
If (7) where da (t, cry,) is given by (8).
For the creep strain vector, we have from (9) 
where the definitions of (d~ M) and a follow 
Therefore, the incremental strain due to volumetric expansion and creep is 
which is the incremental equation for the displacement. 
Iteration Procedure
Since the function (dR) is dependent on the current state of stress in the soil medium, an iterative procedure has to be implemented in order to compute the correct value of (dR). Therefore, the iterative version of (34) can be rewritten in the form 
where the superscript (i) indicates the number of iterations and (dR) (~ = the result at the end of the previous time step. The iteration is performed until the change in displacements in two successive iterations is less than a prescribed acceptable limit. In this study the accuracy is set at 10-~%.
NUMERICAL RESULTS
Prior to presentation of numerical results, it is instructive to establish the accuracy of the approximation concerning the idealization of the connectivity between the beam model of the pipeline and the surrounding soil. Ideally, the pipeline should be represented as a three-dimensional shell structure where connectivity between the shell and the surrounding soil is established at nodes located at the soil-pipeline interface. In the present study, the pipeline is idealized as a one-dimensional beam element in which connectivity between the beam and the surrounding three-dimensional region is achieved only along a line of nodes. In order to examine the relative accuracy of the beam approximation, the following idealized soil-pipeline interaction problem related to an elastic continuum is examined. Since the 
FIG. 8. Deflections of the Pipeline (B~ =0)
approximations involved relate purely to the modeling of the geometry and the flexural properties of the pipe, it is sufficient to focus on the elastostatic problem in the absence of creep. The basic problem deals with a pipeline that is embedded at a finite depth beneath the surface of an elastic medium. The surface of the medium is subjected to a square uniform load as indicated (Fig. 4) . The pipeline is modeled as follows: 
The results of the computations shown in Fig. 4 illustrates the infuence of the relative stiffness between the pipeline and the soil defined by R(= EbI/ Es d4) on the maximum flexural moment induced in the pipeline. These results indicate that within the range of relative rigidities of practical interest, the three separate models provide a reasonable correlation. The results for the beam and shell models are nearly equivalent. Guided by these observations attention is restricted, in the ensuing, to the modeling of the pipeline as a one-dimensional beam element. The finite element idealization of the beam is now adopted for the solution of a specific soil-pipeline interaction problem in which the interaction is induced by an evolving frost heave zone (Fig. 3) . A section of a chilled gas pipeline of diameter D = 0.9 m is embedded in a frost-susceptible uniform silty clay. The crown of the pipeline is located at a depth of d = 0.9 m below ground level. The pipeline is located at the intersection between the frost-susceptible silty clay and a frozen soil that exhibits creep phenomena. The flexural response of the pipeline is represented by the moment-curvature relationship given by Fig. 5 . It is assumed that due to the cooling effect of the chilled gas, a frost bulb zone develops along the frost-susceptible region of the soil. The cross-sectional dimensions of the evolving frost bulb are obtained from a 2-D geothermal simulator analysis (Nixon 1991) 
where t = the time expressed in years. These results could be expressed in 
The unfrozen soil is treated as an isotropic elastic medium. The Young's modulus of the unfrozen soil is assumed to be 12,000 kPa and Poisson's ratio is taken as 0.3. The initial stress in the continuum is provided by the self-weight of the soil, which is taken as 15 kN/m 3. The lateral in situ soil pressure coefficient is assigned the value v,/(1 -Vs). The creep properties of the frozen soil both in the prefrozen zone and the evolving frost bulb are defined by the creep parameters n and B~'. The creep exponent n is set equal to 3; this value is consistent with the parameter usually associated with ice-rich soils. The creep parameter B~ is assigned the values 0 (which corresponds to no creep in the frozen soils) and 3.0 x 10-8 (kPa) -3 (year) -1. Since the problem employs an incremental solution procedure, the selection of an appropriate time step is important to the accuracy and corn- putational efficiency of the solution scheme. A series of two-dimensional computational experiments were conducted to study the effect of different parameters such as B;~, E,, and ~ on the optimum time step dt. The preliminary results suggest that a time step of the order of (0.4/B~E)~) can be considered appropriate. Prior to solution of the complete three-dimensional problem, the numerical scheme was applied to examine the two-dimensional plane strain problem of a rigid circular pipe section embedded within an evolving frost heave zone. The two-dimensional results were used to assess the influence of mesh discretizations and time increments on the frost heave induced displacements at the surface of the frost heave zone and at the pipe location.
The general three-dimensional finite element modeling procedure described in the previous section was applied to study the flexural behavior of a flexible beam model of a pipeline in which the interaction is induced by frost heave in a silty clay type frost susceptible zone. The pipeline is anchored in bonded contact at an already frozen soil region that experiences creep but exhibits no additional volume change due to the presence of the chilled gas pipeline. Fig. 6 shows the finite element discretization adopted to model the overall domain of the soil-pipeline interaction problem. 
Time-Dependent Variation of Maximum FIexural Moment
the pipeline and the surrounding frozen soil is achieved only at the line of nodes indicated in Fig. 6 . The results derived from the three-dimensional computational modeling of frost heave induced soil-pipeline interaction can be presented in a variety of ways. These can include stresses and deformations in the pipeline as well as the stresses and displacements within the various soil regions. The results presented in this section are intended to provide a general picture of the results of importance to understanding the interactive pipeline behavior. Fig. 7 illustrates the time-dependent variation of displacements of the surface of the frozen soil along the central plane of the pipeline for the case where the soil exhibits no creep, i.e., B~' = 0. The corresponding results for the variation of pipeline displacement are shown in Fig. 8 . Results for the timedependent evolution of flexural moments along the pipeline are shown in Fig. 9 . Figs. 10-12 illustrate the analogous results derived for the situation where the frozen soils exhibit creep effects defined by the parameter B~ = 3 x 10 8 kPa-3 (year)-1.
It is also of interest to record the time-dependent variations in the maximum differential surface displacement, the maximum differential pipeline deflection in the frost heave region and the maximum bending moment in the pipeline. Figs. 13-15 illustrate the time-dependent variations of these quantities for specific choices of Bg = 0 and B~ = 3 • 10 -8 (kPa) -3 (year)-i.
CONCLUSIONS
The study of the mechanics of frost heave induced soil-pipeline interaction becomes an important consideration in situations where a buried pipeline is subjected to nonuniform heave. Such nonuniform heave can occur at a transition zone between a frozen soil region and a frost-susceptible soil due to the freezing action of a pipeline conveying, for example, chilled gas. A generalized treatment of a frost heave induced soil-pipeline interaction problem requires the simultaneous consideration of the mechanics of the pipeline, the constitutive modeling of the evolutionary frost heave processes, the three-dimensional nature of frost heave, and the soil-pipeline interaction process. Of these features, the characterization of frost heave mechanics represents a problem of formidable complexity. In a complete treatment, account should be taken of processes such as heat and mass transfer, phase transformations, moving boundary problems associated with the growth of frozen zones and the irreversible thermomechanical constitutive relationships that characterize the time-dependent processes. The influences of soil variability is a further factor that influences the modeling process. While the considerations of the physics of frost action is an important component in the understanding of the associated microthermomechanical and/or thermodynamic processes, the progress in the examination of practical problems in topics such as soil-pipeline interaction requires the development of rational continuum theories of frost heave mechanics involving all thermomechanical and phase transfer processes. The development of such allencompassing theories is perhaps an unreasonable expectation. For this reason, problems such as frost heave induced soil pipeline interaction have to be approached by invoking plausible simplifications. On the one extreme, such analyses could be performed by utilizing "pipe-on-elastic-foundation" type idealizations of both heaving and nonheaving soils. While these elementary treatments are useful they have limitations with regard to the realistic simulation of an endogeneous process such as frost heave, in a soil medium. Also in these models, the connectivity between the pipeline and the idealized soil and the prescription of the frost heave process makes the elementary models open to objection.
An alternative to this approach is to consider continuum representations of the modeling of soils in the frozen, frost heaving, and unfrozen zones and to adopt an elementary beam element representation of the pipeline with a restricted connectivity. An idealization of this type becomes a tenable alternative in instances where the growth of the frozen region can be determined via a separate analysis. This is in effect a decoupling of the frost heave process from the soil-pipeline interaction process, which, for the purposes of the determination of the frost zone growth around the pipeline is regarded as a satisfactory simplification. This paper presents such a treatment of a soil-pipeline interaction problem where: (1) The generation of frost heave in a frost-susceptible zone is determined via a simplified twodimensional analysis; (2) the modeling of the soil-pipeline interaction takes into account the elastic and creep responses of the frozen and unfrozen soils; and (3) the three-dimensional geometry of a soil-pipeline interaction problem. With these assumptions, the mechanics of soil-pipeline interaction is induced by the stress dependent volume expansion of the soil during the growth of the heave zone. Within the limitations of this scheme the frost heave induced soil-pipeline interaction can be examined to generate results of interest and benefit to pipeline engineering. The numerical results for the time-dependent evolution of pipeline displacements, surface heave immediately above the pipeline, and bending moment distributions along the pipeline indicate trends that have been observed in large-scale controlled laboratory simulations of long-term soil-pipeline interaction during discontinuous frost heave.
The a priori prescription of the extent and growth rate of the frost heave region by appeal to a separate two-dimensional analysis is perhaps a restriction in the current study. This, however, need not be construed as a limitation of the scope of the computational methodology. A satisfactory three-dimensional continuum model of frost heave and frost zone generation can be incorporated within the scope of a three-dimensional analysis to fully integrate the frost heave influences together with the soil-pipeline interaction problem. Such all encompassing three-dimensional models of frost heave and frost zone generation along with the study of time-dependent processes in soil-pipeline interaction is expected to be unduly extensive in terms of computer usage.
The primary objective of this study was to ascertain the basic influences of three-dimensional considerations and time-dependent phenomena on the modeling of frost heave induced soil-pipeline interaction. To this extent the analysis has shown that viable computational models of the interactive processes can be developed and although these models are computing-intensive, useful results of engineering interest can be derived using the continuum approach. The results presented in this paper are intended to give a general perspective of the scope of applicability of the computational modeling. Owing to the choice of a specific pipeline configuration, prescribed frost heave zone generation, and the specific choices of constitutive parameters, it is unrealistic to provide any generalized conclusions. It is, however, clear that creep deformations of the frozen soils have a significant influence on the flexural interaction between the pipeline and the frozen soil. The presence of creep enhances the pipeline displacements in the frost heave zone. These movements in turn contribute to increased flexural moments in the embedded pipeline. This is an important observation that is at variance with conventional interpretations of engineering problems where creep processes can have the general effect of relieving the stresses in embedded structural elements.
The computational modeling presented here is an essential prelude to assessing the relative importance of the influence of frost heave generation and creep effects in the interaction between a buried pipeline and a soil region experiencing discontinuous frost heave. The results of the study are sufficiently encouraging to warrant the incorporation of a plausible frost heave model within the computational scheme. Such a model should address features such as the influence of large strains in the frost heave zones, limiting strength characteristics of interfaces, three-dimensional shell-type geometry of the buried pipeline, and creep rupture damage and failure in the frozen soil regions, These topics will be addressed in future investigations.
